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Three-Dimensional Soil Resistivity Inversion Using Patching Method
Qi You ZHOU", Jun SHIMADA* and Akira SATO*™

Abstract

To apply Electrical Resistivity Tomography (ERT) in monitoring temporal and spatial variation of soil water,
by using finite-element method as forward modeling, we proposed a patching algorithm of inversely calculating 3D
soil resistivity in this paper. From finite-element forward modeling, sensitivity calculation to formation of initial
model parameters, we systematically described the inversion calculation process of using patching algorithm. At the
end, we gave out results about two numerical experiments and one field measured data inversion to illustrate the ef-
fectiveness of the algorithm. By patching algorithm, the initial soil resistivity model is step by step modified to make
the calculated potential approximate that measured. Each measurement event (group of pole-pole array measure-
ments which have same current electrode and input current) composes a step of modification to the model. This al- '
gorithm is appropriate when the data number for one measurement event is quite less than the parameter number
of the model and the measurement event number varies with the equipment capacity or prospecting objectives, and
even when the resistivity changes with time. Numerical experiments and field measured data inversion indicated the
effectiveness of the inverse algorithm, but also revealed the difficulty of completely inversely calculating out the 3D

subsurface soil resistivity only by using the data measured at the soil surface.
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1. Introduction

Successful application of dc Electrical
Resistivity Tomography (ERT) in monitoring
temporal and spatial variation of soil water de-
pends on the establishment of relationship be-
tween soil water content and soil resistivity, and
the reasonable estimation of soil resistivity from
the measured data. While the relationship be-
tween soil water content and soil resistivity can
be constructed by experiments, the reasonable es-
timation of soil resistivity can only be reached by
finding an efficient algorithm of inverse calcula-
tion. Quite different from the interpretation of
geological structures, where the resistivity
changes little with time, the estimation of soil
resistivity has to be made in the context of time-
changing resistivity. The very small scale hetero-
geneity of soil resistivity spatial distribution also
limits the traditional application of simplifying
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three-dimensional (3D) resistivity anomalies to a
two-dimensional (2D) resistivity anomalies. Thus
a practical 3D inverse algorithm is vitally needed.

There are a number of reported studies about
2D and 3D inverse interpretation of geological
structures, however none of them related with the
3D interpretation of soil resistivity. For the 3D in-
terpretation of geological structure, DEY and
MORRISON®* developed a 3D forward modeling
routine by using finite-difference method.
Following this forward modeling method, PARK
and VANY developed a 3D inversion procedure
by using maximum likelihood inverse theory.
Considering the suitability of finite-element
method (FEM) in modeling complex geometry,
COGGON?® derived an energy functional for 2D
electromagnetic problems and proposed finite-
element method of electromagnetic and electrical
modeling. PRIDMORE et al'” extended this
method to 3D problem by using tetrahedral ele-
ments and compared their solution to the integral
equation method. HOLCOMBE and JIRACEK®
developed a method of accommodating 3D topo-
graphic variations by using distorted hexahedral
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elements. By using conjugate gradient relaxation
technique, ZHANG et al.'” developed a 3D dc
resistivity forward modeling and inversion algo-
rithm, and proposed a method of bypassing the
actual computation of the sensitivity matrix.
Besides finite-difference method, finite-element
method and transmission-network analogy meth-
od, there are also integral equation method” %’
and alpha centers method®'? which deal with the
forward and inverse calculation of dc resistivity
modeling. These techniques provided valuable in-
formation for the interpretation of geological
structures, however, it is difficult to use these
techniques directly to the soil resistivity anomaly
interpretation, because different from geological
bodies, soil resistivity distribution has smaller
scale (decimeters), more complex spatial struc-
ture and time-changing features.

In this paper, by using finite-element method
for the 3D forward modeling problem, we pro-
posed a practical simple method of inversely cal-
culating the 3D soil resistivity. This inverse
calculation algorithm considered the features of
soil resistivity, was proved to be efficient and ap-
propriate for the application of Electrical
Resistivity Tomography in soil water monitoring.

2. Forward problem

2.1 Finite-element forward modeling

The Poisson’s equation of controlling steady-
state electrical potential distribution in the space
is

VeoaVep=Vs], ¢))

where ¢ is electrical potential, ¢ is conductivity
of the earth, electrical resistivity o = 1,07, J is
diverging current density. For a point electrode
located at position (o, ¥, 20), V * J. becomes IS (x
-Zo) (Y-4o) (220), where I is current, 6 (z) is Dirac
delta function. According to minimum theorem,
solving equation (1) equals to minimizing the fol-
lowing functional'":

F(¢) = zf[o<v¢)2—2¢v J1dv, (@

where the spat1a1 region is divided into elements
over which ¢ is a constant. Assuming the global
trial solution of equation (1) is ¢ = Z Ng;,

where ¢ ; is the potential at node j, then finimiz-
ing functional F(¢ ) results in linear equation :

Gop=f 3

where G is a sparse, symmetric, banded and
positive-definite coefficient matrix, ¢ is the un-
known electrical potential vector, f is a vector of
describing the known sources of current. By solv-
ing equation (3) together with boundary condi-
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Figure 1 Element division for 3D FEM electrical potential
calculation
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tions, then electrical potential at each node can be
obtained.

Figure 1 shows the subdivision scheme of our
finite-element forward modeling. As indicated in
the figure, we used the same size hexahedron as
the elements. Although this makes a little more
memory needed, it makes the automatic construc-
tion of equation (3) become possible, and the pro-
gram code adjustable for different element
subdivision scheme. Solution of equation (3) with
boundary conditions was obtained by conjugate
gradient method®. For FUJITSU FMV computer
with 150MHz CPU and 128 Megabyte RAM, for-
ward calculation with 24 X 24 X 10 nodes needs less
than half a minute.

2.2 Boundary conditions

For the earth-air interface, the homogeneous
Neumann boundary condition (8 ¢ /8z=0) was
used. In fact, this Neumann condition had been in-
cluded in equation (2). For the boundary condi-
tions on the sides and bottom, ZHANG et al.'”’
analyzed the problems resulted from Dirichlet
type boundary condition and that resulted from
using analytical solution of homogeneous me-
dium as the boundary conditions. DEY and
MORRISON® proposed a mixed boundary condi-
tion which relates the potential at the boundary
nodes with the angle 6 between the radial dis-
tance  from the geometrical surface center and
the outward normal spatial coordinate on the
boundaries. However, for heterogeneous medium,
the potential at the boundary nodes not only
changes with the angle 6 and distance 7, but also
changes with the resistivity of neighboring ele-
ments. Because usually, at the neighbor of high
resistivity anomaly, there is a relative high
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potential, at the neighbor of low resistivity anom-
aly, there is a relative low potential”, here we use
the analytical solution of homogeneous medium
as the potential at the boundary nodes, but the
resistivity of homogeneous medium is calculated
by averaging the resistivity at neighboring ele-
ments.

2.3 Sensitivity calculation

For Ap, change of resistivity at element i, there
is a Ag; change of potential at point j, then sensi-
tivity Sy (partial derivatives) is defined as A¢;/
Ap;. If we only consider the sensitivity at receiv-
ers, and there are n current sources, m receivers, s
elements, then matrix S has n Xm X s elements.
This means that n Xm Xs forward calculations are
needed. When the maximum likelihood inverse
theory developed by TARANTOLA and
VALETTE' is used to the 3D resistivity inver-
sion of heterogeneous medium, each iteration
needs a update of sensitivity matrix S. The great
amount of calculations makes the 3D inversion al-
most impossible.

The sensitivity calculation method which we
used at here follows the idea of BOERNER and
HOLLADAYY. That is, the sensitivity for hetero-
geneous medium can be approximated by that of
homogeneous half-space medium. By using 300
Qm (the average of measured soil apparent
resistivity) as the resistivity of homogeneous
half-space medium, and considering the symme-
try of potential distribution for point current
source, we calculated the pole-pole array sensitiv-
ity for a point current source located at the cen-
tral surface of the region. Sensitivity for other
point current sources were obtained by project-
ing or shifting the central point current source to
the current source position.

Figure 2 shows the 3D distribution of sensitiv-
ity for a pole-pole array over a 300 Qm homoge-
neous half-space. This figure was obtained by
forward calculation with current electrode lo-
cated at (1.5m, 1.5m, 0.0m), potential electrode lo-
cated at (2.0m, 1.5m, 0.0m), and current equal to
10mA. From Figure 2, we can see that both at the
area around the electrodes and at the area be-
tween the two electrodes, the sensitivity has a
very high absolute value. This indicated that the
potential measured on the potential electrode will
be very sensitive to the resistivity changes at this
two areas. However because the sensitivity has
different sign at the two areas, the resistivity
change will have opposite effects on the meas-
ured potential. At other area, generally there is a
very low and positive sensitivity.
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Figure 2 3D sensitivity distribution for a pole-pole array
over 300 Qm homogeneous half-space
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3. Inverse algorithm

3.1 Patching method of resistivity perturba-
tion

Inverse problem always is the focus of scientific
investigation. Difficulty of inversion lies in that
most of the inverse problems are nonunique. One
method of obtaining a solution to these
nonunique inverse problems is maximum likeli-
hood inverse theory which provides the best fit to
the data relative to the a priori information. By
this method, according to TARANTOLA and
VALETTE'" and TARANTOLA'®, the perturba-
tion vector for model parameters can be obtained
by

(ST Ry S,+R,.\) Ao,
= S{R (A= Glpi))itRnGosmo) ae D

where S is sensitivity matrix, d is observed data
vector, o is the model parameter (resistivity) vec-
tor, G is the forward modeling operator, and R4,
R... is covariance matrix for data and model pa-
rameter, 0 ,is a priori parameter vector, Ao, is the
kth perturbation vector for the inverse iteration.
In the ERT measurements for soil water monitor-
ing, the electrical potential measurement is
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usually sequentially made for a number of cur-
rent sources, and for one current source, the meas-
ured potential data number is often less than the
model parameter number. At the same time, dur-
ing the measuring period, because of the soil
water transport, the soil resistivity may change
with time. All of these characteristics make the
direct application of equation (4) in the inversion
calculation of soil resistivity become difficult.
Therefore, by adapting equation (4) to the char-
acteristics of ERT measurement for soil water
monitoring, we proposed a practical simple
method of calculating the perturbation vector for
soil resistivity inversion. )

For the pole-pole array measurements, all of the
measurements with same current electrode and
same input current are defined as one measure-
ment event. For each event, only once calculation
of forward problem is needed to get the potential.
If there are m: measurements or receivers for
event i, then m; potential differences between
modeled and measured can be obtained and sensi-
tivity matrix S’ of event i only has m.: X s elements.
According to equation (4), the perturbation Ap is
linearly related with potential difference Ad(d—G
(o). On the other hand, perturbation Ap; at ele-
ment j also relates with the sensitivity of different
receivers at this element, the larger the sensitiv-
ity, the greater the perturbation resulted from
this receiver should be. Thus the perturbation
Ap};j at element j resulted from the kth receiver of
event ¢ can be expressed as :

Aoy =SiAdL(k=1,2,-, m;j=1,2,-5) (5)

where s is the t_otal element number. The total
perturbation Apj at element j should be the sum of
perturbations from different receivers :

A0j = X Aoy =T SpAdL(1=1,2,+,5)  (6)

Thus perturbation vector Ao’ resulted from event
1 is obtained. After smooth processing, the pertur-
bation vector Ao’ is added to the initial model pa-
rameters to update the model parameters. Then
the perturbation of model parameters is repeated
for the next event. In this way, the model parame-
ters are sequentially updated by using the meas-
ured data from each event. One cycle of events
composes one inversion iteration. This procedure
is repeated until a misfit between the total meas-
ured and modeled data is reduced to an accept-
able root-mean-square (RMS) level.

Because the sensitivity matrix for heterogene-
ous medium is approximated by that of homoge-
neous medium, sometimes the perturbation

calculated from equation (6) will result in the di-
vergence of Ad. This means that the resistivity at
the areas where the sensitivity absolute value is
low has become the main factors of controlling
potential distribution. At this time, we calculate
the perturbation by using the minus sensitivity
as positive sensitivity. If we find that this sign in-
version of minus sensitivity can not make the Ad
vector converge further, then we use the original
sensitivity again. This method works efficiently,
especially when the initial model parameters are
not properly given.

The proposed method of calculating perturba-
tion vector considered each measurement event
respectively, thus accommodated the resistivity
change between measurement events. For every
measurement event independently contributes to
the model parameter improvements, it is appro-
priate for measurement instrument with different
channel number and for different objective of
measurement. Because the perturbation vector
given by equation (6) has the characteristics of
being large at the neighbor of electrodes, gradu-
ally decreasing to zero with the distance from the
electrodes, perturbation resulted from each event
like a patching process, we call this perturbing
method as patching method.

3.2 Initial model parameters o

Few.of the resistivity inversion studies re-
ported the method of finding a 3D initial (start-
ing) model parameters. ZHANG et al.'” used the
average value determined by the nearest source-
receiver combination as the starting resistivity of
shallow layers. For dynamically monitoring the
variation of soil water by soil resistivity inversion
method, an algorithm which can give proper ini-
tial model resistivity is very important.
Considering that the apparent resistivity has re-
flected the general characteristics of the soil
resistivity, in this study, by following steps, we
use the apparent resistivity from pole-pole array
and Wenner array to compose the initial soil
resistivity model of inverse calculation. (1)
Apparent resistivity from pole-pole array meas-
urements are calculated and indicated at the mid-
dle point of the two electrodes with depth equal
to the electrode interval'®. Apparent resistivity
from Wenner array measurements are also calcu-
lated but indicated at the middle point of the four
electrodes with depth equal to the interval of po-
tential electrodes. (2) Based on these basic appar-
ent resistivity data, soil resistivity for every
element is obtained by three-dimensional dis-
tance weight interpolation method. (3) The initial
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soil resistivity model is then three-dimensionally
processed to smooth the abrupt change of soil
resistivity at neighboring elements. (4) Finally,
the initial soil resistivity model is multiplied by
an empirical constant vector. This empirical con-
stant vector is determined by referencing the soil
water content profile, geological information
about the soil stratum, and known information
about soil resistivity. For one measurement site,
only one empirical constant vector is needed.

4. Results and discussions

4.1 Numerical experiments

To assess the effectiveness of the proposed in-
verse algorithm, two model numerical experi-
ments were conducted. Sixty-four electrodes were
“buried” on the 3.5m X 3.5m surface by 8 X 8 grid,
with grid gap equal to 0.5m. Along X, Y, XY and
-XY directions, total 572 pole-pole array “measure-
ments” were conducted and were used to form the
initial resistivity model of inverse calculation
(Figure 3). The total element number for forward
calculation is 23X 23 X9 with element size equal to
0.25m X 0.25m X 0.26m (Figure 1). Inverse calcu-
lated results only at the central part of the upper
six layers were used for the analysis.

For each layer, model 1 # has a low resistivity
body at the central part, high resistivity bodies at
the four corners, with the resistivity at other
parts ranges in the between. Considering that the

0 — -
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0 05 1 1.5 2 25 3 35
(a). X (m)
@ Current electrode O Potential Electrodes

soil water content generally increases with depth,
the resistivity of model 1# is given to decrease
with the depth (layer). Figure 4 shows the 3D
resistivity distribution inversely calculated by six
(the number where RMS value has approxi-
mately stabilized) iterations together with that of
model 1#. From this figure, it can be seen that al-
though the abrupt boundary of resistivity chang-
ing in the model is not clearly indicated in the
inverse results and the inversely calculated
resistivity is not exactly same as that of the
model, the resistivity distribution pattern is really
reproduced, especially for the upper four layers.
Figure 5 shows the linear relationship between
inversely calculated resistivity and model
resistivity. For 87.33% of the total data, relative
errors ranged between —20% and 20%.

For model 2#, except 50 Qm low resistivity
body at the central part of the third and fourth
layer, all of the resistivity at other parts are given
200 2m. Figure 6 shows the 3D model resistivity
distribution and the inversely calculated
resistivity after six (same as model 1#) itera-
tions. From this figure, it is clear that the original
resistivity distribution pattern at the third and
fourth layer was also reproduced by the inverse
algorithm. However, there appeared artificial ab-
normal bodies at the first two layers. This indi-
cated that when only using the 572 pole-pole
array data measured at the surface, it is difficult
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Figure 3 Resistivity measurement pattern for 3D Electrical Resistivity Tomography by pole-pole array and
Wenner array. (a). An example of measurement events where each arc line indicates a electrode com-
bination of pole-pole array; (b). Measurement pattern which consists of all of the measurement events.
Measurements for Wenner array are also conducted at this four directions.
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Inversion results

Layer 1 (Z=0.00-0.25m)

Layer 2 (Z=0.25-0.50m)

Layer 3 (Z=0.50-0.75m)

Resistivity (Qm):
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Inversion results

Layer 5 (Z=1.00-1.25m)

Layer 6 (Z=1.25-1.50m)
(] )

g & § 8

520

Figure 4 Comparison between inversely calculated resistivity and that of model 1#
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Figure 5 Relationship between inversely calculated resisti-
vity and that of model 1#
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for the inverse algorithm to distinguish the verti-
cal changes of anomaly.

4.2 Field experiments
To further investigate the ability of the algorithm
in inversely calculating soil resistivity, field data
inversion was made. The field experiments were
conducted at the experimental field of Environ-
mental Research Center, University of Tsukuba
(Ibaraki, Japan) by using a 216 channel dense
electrode electrical prospecting equipment (Next-

Calculated resistivity (€2m)

64 made by Kowa Co., Japan). Experiment area
and electrode arrangement are the same as that in
numerical experiments. But, in addition to the 572
pole-pole measurements in the numerical experi-
ments at X, Y, XY and -XY directions, 170 Wenner
array measurements were also conducted at the
four directions (Figure 3) and were used to com-
pose the initial soil resistivity model together
with the pole-pole array data.

Inverse calculations for measurement at 12:00-
12:40 Jul. 22,1996 were conducted. Figure 7 shows
the inversely calculated soil resistivity planar dis-
tribution at the upper six layers. The fact that
there is a high resistivity area (northeast) at the
right part of the image, a low resistivity area
(southwest) at the left part of the image, and
these two resistivity abnormal areas gradually
disappear with depth is clearly understood. For
soil with homogeneous matrix, high resistivity
means relative low soil water content, the low
resistivity means relative high soil water content.
If we assume that the soil matrix at the experi-
ment site is homogeneous, thus the inversely cal-
culated soil resistivity spatial distribution pattern
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Layer 2 (Z=0.25-0.50m)
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Figure 6 Comparison between inversely calculated resistivity and that of model 2 #
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Figure 7 Inversely calculated 3D soil resistivity distribution

at 12:00-12:40 Jul. 22,1996
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reflects the soil water content spatial distribution
pattern. This pattern is just rightly consistent
with the vegetation distribution pattern of the ex-
periment site where there are dense and high
grasses at the left side, and sparse and low grasses
at the right side. In addition, according to
SHIMADA et al.'”, at the right side of the experi-
ment site, the soil had been once dug out to install
the Heat-Probe Type soil moisture sensors in 1990.
The position with high resistivity at the right side
rightly is the position of the backfill.

To further support the rightness of the in-
versely calculated soil resistivity distribution, we
analyzed the variation of potential errors. Figure
8 shows the decreasing of potential RMS misfit
value with iteration number. It is clear from this
figure that the RMS misfit value decreases very
rapidly at the initial several iterations, then with
the number of iteration, the RMS misfit value
gradually gets stabilized. This rapid decreasing of
RMS value at the initial several iterations clearly
indicated the efficiency of the proposed inversion
algorithm. The stabilization of RMS value at the
iterations afterwards showed that there are some
errors resulted from other factors such as meas-
urement error, electrode displacement and time
delay of measurement in the potential errors.
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Figure 8 Decreasing of potential RMS misfit value with it-
eration number
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Potential errors resulted from these factors can
not be eliminated just by the inverse calculation.
That is, with stabilization of RMS value the inver-
sion gradually reaches its best limits.

Figure 9 shows the spectral distribution of po-
tential errors after eight iterations and the simu-
lated results (dash line) about the spectral
distribution by summing three normal distribu-
tion functions. If we assume that the error distri-
bution from other factors all are normal distri-
bution, then the clear good fitness between data
and the simulation further supports the conclu-
sion that in the potential errors there are errors
from other factors. The symmetric shape and the
small central value (—15.176 mV) of the spectral
distribution then indicated that the inverse calcu-
lated soil resistivity has approximated the field
soil resistivity very much.

5. Concluding remarks

We proposed a patching algorithm of inversely
calculating 3D soil resistivity by using finite-
element method as the forward modeling. By this
inversion algorithm, the initial soil resistivity
model is step by step modified to make the calcu-
lated potential approximate that measured. Each
measurement event composes a step of modifica-
tion to the model. Because each measurement
event contributes to the improvement of resi-
stivity model independently, the algorithm is ap-
propriate when the data number for one
measurement event is quite less than the parame-
ter number of the model and the measurement
event number varies with the equipment capacity
or prospecting objectives, and even when the
resistivity changes with time. This makes the ap-
plication of dc Electrical Resistivity Tomography
in monitoring the temporal and spatial variation

Potential errors (mV)

. Frequency data - - - - - Simulated results%

Figure 9 Spectral distribution of potential errors after eight
iterations
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of soil water become possible. Numerical experi-
ments and field measured data inversion indi-
cated the effectiveness of the inverse algorithm,
but also revealed the difficulty of completely in-
versely calculating out the 3D subsurface soil
resistivity only by using the data measured at the
soil surface. By adding more measurement events
at deep soil to the inverse calculation, we believe
that the inversely calculated 3D subsurface soil
resistivity will further approximate the real soil
resistivity in the future.
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Appendix
%:In Chinese, **:In Japanese

(19974F12H 128 %244, 1998411 188 5ZEH)
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AHYCRIBEECEREREFBVT, HIEH €75 7 « 2 HEKEEREEHOoE =2 ) v 7RIEAT 2 b0, =K
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